Abstract-Solutions of the homogeneous 2D scalar wave equation of a type reminiscent of the "splash pulse" waveform are investigated in some detail. In particular, it is shown that the "higher-order" solutions relative to a given "fundamental" one, from which they are obtained through a definite "generation scheme", come to involve the relativistic Hermite polynomials. This parallels the results of a previous work, where solutions of the 3D wave equation involving the relativistic Laguerre polynomials have been suggested. Then, exploiting a well known rule, the obtained wave functions are used to construct further solutions of the 3D wave equation. The link of the resulting wave functions with those analyzed in the previous work is clarified, the pertinent generation scheme being indeed inferred. Finally, solutions of the Klein-Gordon equation which relate to such Lorentzian-like solutions of the scalar wave equation are deduced.
INTRODUCTION
The literature concerned with the homogeneous 3D scalar wave equation,
is rich of transformations which allow us to pass from one solution (or, wave function) to another [1] [2] [3] [4] [5] [6] [7] . Needless to say, here u (x, y, z, t) represents the scalar-valued wave field and c is the (constant) speed of propagation; also, (x, y, z) denote Cartesian coordinates, with in particular z being assumed along the direction of propagation, and, of course, ∇ 2 = ∂ 2 x + ∂ 2 y + ∂ 2 z . In this connection, further hints have been recently suggested in [8] and [9] , on the basis of the method of incomplete separation of variables and the application of the Bateman conformal transformation. Such approaches have then been framed in [10] within the context of the bidirectional spectral representation [11] , which is shown to allow, when examined in conjuction with Bateman's transformations, a systematic derivation of extended families of focus wave mode-type localized solutions of (1) .
In particular, as is well known, one can pass from solutions of the 2D wave equation
where q denotes any one of the two Cartesian coordinate x, y, to solutions of the 3D wave Equation (1) according to the rule [1] [2] [3] [4] [5] [6] [7] 12] u(x, y, z, t) = (x ± iy)
In addition, due to the symmetry of both (1) and (2), it is possible to generate further solutions from a known one by circular permutations of both the space and the time coordinates, i.e., through q ↔ z ↔ ±ict for (2) and x ↔ y ↔ z ↔ ±ict for (1) . Accordingly, (3) is paralleled by another non trivial rule, obtained by transforming the time coordinate into a space coordinate to yield u(x, y, z, t) = (x ± ct)
Here, we are concerned with the transformation (3), which will be applied to what can be regarded as the 2D versions of the splash pulses [13] [14] [15] [16] , that is, to 2D wave functions of the type φ(q, z, t) = 1 √ τ − iz 0 σ + ia + q 2 τ − iz 0 −N (5) where τ and σ signify the characteristic variables τ = z − ct and σ = z + ct, N is here taken as a real positive parameter, and similarly z 0 and a are positive parameters with dimensions of length.
A renewed interest in the splash pulses
have been stimulated by the recent analysis presented in [16] , where the authors investigated the behavior of the so-called double-exponential (DEX) pulses, obtained as a suitable superposition of progressive and regressive splash pulses (6), corresponding to in general different values of the parameter a. Specifically, a detailed analysis of the behavior of the splash and DEX pulses for values of δ within the range −0.9 ≤ δ ≤ 0.9 is presented in the quoted reference. Also, in [17] and [18] the expression for s 1 (x, y, z, t) = 1 (σ+ia)(τ −iz 0 )+r 2 has been taken as a Hertz potential, respectively oriented parallel and orthogonal to the z-direction, from which the components of the corresponding vector electromagnetic fields have then been derived. An extensive study of the field solutions, resulting respectively in toroidal, focused doughnut wave packets and oblate wave packets, have been performed in the quoted references specifically in the paraxial regime z 0 a. In particular, in [18] the paraxial solutions there analyzed have been demonstrated to be the natural spatiotemporal modes of an open electromagnetic cavity and accordingly their physical realization has been suggested by excitation of a curved mirror resonator or by propagation along the equivalent lens waveguide.
The splash pulses for δ > 1 2 have been reconsidered in [19] , where the relevant higher-order pulses (there referred to as LaguerreLorentzian solutions of (1)), obtained through a definite generation scheme demanding for integer powers of the transverse Laplacian ∇ 2 ⊥ = ∂ 2 x + ∂ 2 y acting on the Lorentz-like complex function (6) † , have been related to the relativistic Laguerre polynomials (RLP). In the same reference, the expressions of the electromagnetic field components, corresponding to the Laguerre-Lorentzian wave functions, have been derived in particular for the TE modes, and so for a z-directed Hertz vector potential.
Paralleling the analysis developed in [19] , we will show here that higher-order solutions of the 2D wave Equation (2) , obtained from the fundamental one (5) acting on it by powers of the derivative operator ∂ q , relate to the relativistic Hermite polynomials (RHP), which so come to modulate the Lorentzian-like factor in the same way as the ordinary Hermite polynomials (HP) modulate the Gaussian-like factor in the 2D Hermite-Gaussian pulses [20] [21] [22] [23] [24] . Indeed, in the solutions discussed in [19] , the RLPs enter as modulating factors of suitable Lorentzlike functions in the same way as the ordinary Laguerre polynomials (LP) modulate appropriate Gaussian-like functions in the LaguerreGaussian pulses [20] [21] [22] [23] [24] . † Although it is quite an improper terminology, by Lorentz-like (in general, complex) functions we mean here functions of the type (1 + ) −B , where ξ denotes the coordinate of concern, A is a complex constant (i.e., independent on ξ) and B > 0. Clearly, when referred to a wave function, as in the present context, it will not in general yield a similar Lorentz-like behavior (with respect to ξ) for the corresponding wave amplitude.
Then, applying the transformation (3), we will pass from the obtained solutions of the 2D wave equation to wave functions for the 3D wave equation, which so will have the RHPs as their central part. Interestingly we will be successful on deducing among others, a generation scheme for the resulting 3D wave functions, that resorts to the same fundamental form of the solutions considered in [19] , but demands for half-integer powers of the same operators involved in the generation scheme pertaining to those solutions. This unequivocally establishes a link of the wave functions discussed here with those suggested in [19] . It is from this link that, in our opinion, the analysis developed here stems its interest, as it allows us to encompass all the wave functions of the splash pulse-type (for positive exponents) discussed here and in the previous paper [19] in a single scheme, which basically resorts to the same symmetry operators of the 3D wave equation. It is in fact evident that what we have referred to as "generation scheme" arises from definite symmetries of the wave equation [5] , and hence might comprise and possibly extend already known transformations.
We will not dwell here on the practical feasibility of the solutions of concern in the present context, addressing the issue to future work. We note in fact through Bateman's words ( [4] , P. 25) that the theory of wave-functions forms a natural extension of the theory of functions of complex variable and may consequently lead to results of great value for the general theory of functions. Of course, the possibility of application to physical problems would surely increase the interest in the analysis here presented and would motivate further investigations.
Finally, possible solutions of the Klein-Gordon equation, which strictly relate to the Lorentzian-like wave functions, will be deduced and properly commented on in relation with pertinent results, already existing in the literature.
Let us recall now that the RHPs have been introduced less than two decades ago within the context of the dynamics of the quantum relativistic 1D harmonic oscillator [25] ; also, they have recently been re-considered within the context of the paraxial wave propagation in [26] , where their relation with the Lorentz beams has been evidenced. Likewise, the RLPs stand out as the relativistic version of the ordinary LPs, their relation to the latter paralleling that of the RHPs to the ordinary HPs as far as the "relativistic" parameter N is concerned [27] .
Notably, both the RHPs and the RLPs are not independent polynomials, being indeed proved to relate to the Jacobi polynomials of suitable parameters and arguments [27] [28] [29] ; specifically, the RHPs relate to the Gegenbauer polynomials. However, since their formal expressions allow for a direct analogy with the Hermite-Gaussian and Laguerre-Gaussian solutions to the wave equations, we prefer to use such formal expressions and to refer to them in accord with the original terminology, which has also the advantage of evoking the "relativistic" context where those expressions naturally frame.
It is worth noting that the presence of the RHPs, which as recalled relate to the Gegenbauer polynomials, arising in connection with the 2D wave equation is in a sense not surprising indeed, since the symmetry properties of such an equation naturally relate it to the Gegenbauer polynomials [5] .
The plan of the paper is as follows. In Section 2, the basic properties of the RHPs are listed. In Section 3, we relate the RHPs to the solutions of the 2D wave Equation (2) . Consequences of the transformation (3) are then investigated in Section 4, where generation schemes for the introduced Hermite-Lorentzian solutions of the 3D wave Equation (1) are deduced; in particular, we clarify in Section 5 the link of the obtained wave functions with the Laguerre-Lorentzian solutions, considered in [19] . Solutions of the Klein-Gordon equation, which relate to those of the scalar wave equation discussed in the previous sections, are finally deduced in Section 6. Concluding notes are given in Section 7.
THE RELATIVISTIC HERMITE POLYNOMIALS: BASIC PROPERTIES
The RHPs H (N ) n (ξ) have been originally introduced in the form [25] 
, −∞ < ξ < +∞ (7) for positive real value of the dimensionless parameter N , as the polynomial component of the quantum relativistic harmonic oscillator wave function. The parameter N , defined by the ratio of the oscillator energy mc 2 to the its quantum of energy
, signals the "relativistic" character of the polynomials (7), which in fact in the asymptotic (non-relativistic) limit, c → ∞ (i.e., N → ∞) turn into the ordinary Hermite polynomials H n (ξ) (HP).
As mentioned earlier, the RHPs relate to the GPs C N n , being
The polynomials (7) are even or odd according to the evenness of the index n, since H
Also, as a basic characterization of the RHPs we write down
(ii) the recurrence relation
(iii) the differential equation
(iv) the orthogonality relation
(v) the Rodrigues representation
Then, we resort to the Hermite-Lorentzian functions (HLF) introduced in [26] as
which, as there noted, due to the limit relation (1 +
can be considered as the "relativistic" limit of the elegant HermiteGaussian functions (EHGF) Φ
. It is worth noting that in [26] the parameter N has been limited to integer values only, in order to properly refer to the factor (1 + (14) as a Lorentzian (N + n = 1) or a multiLorentzian (N + n > 1) function as well as to work out explicit analytical representations of the propagated beams. Here, we relax such a constraint on N , letting it be an arbitrary positive real number, whilst retaining in a rather improper use, as already noted in the footnote on P. 3, the terminology of Lorentz-like function when referring to the aforementioned factor. Figure 1 shows the plots of the HLFs for some values of n and N . To help insight into the behavior of such functions the corresponding EHGFs for each n value -the correspondence being intended in the sense of the above mentioned limit relation -are also plotted in the figure. Actually, the graphs reproduce the normalized functions [26] 
with
As to the normalization factor N (N ) n entering (15), we see that it can easily be evaluated by resorting to the Parseval theorem and to the possibility of representing the Φ (N ) n 's as [26] 
as a consequence of the Rodrigues Formula (13); here, F signifies Fourier transform. We note that where W ν, µ denotes Whittaker's second function [30] .
Accordingly, the integral representation of Φ
In this connection, we recall that
, K µ being the modified Bessel function of second kind; such a relation may help the comparison of (17) with the expression of the integral representation of the Laguerre-Lorentzian functions discussed in [19] (see Equation (29) there).
Also, the differential equation for the Φ
n 's is easily obtained as
n (ξ) = 0. (18) Finally, for future use we report the relation between the RHPs and the RLPs, i.e.,
which is evidently reminiscent of that holding between the ordinary polynomials, recovered indeed in the limit N → ∞ [27] . The RLPs L (20) which in the limit N → ∞ turns into the expression for the ordinary Laguerre polynomials L (α) n (x) [30] . We see that L 
Also, in order to facilitate subsequent checks we note that (22) with k integer such that 0 ≤ k ≤ n.
THE RELATIVISTIC HERMITE POLYNOMIALS AND THE 2D WAVE EQUATION
It is easy to verify that Equation (2) is solved by the function
where the various parameters are chosen so that N > 0, z 0 > 0, and a > 0, the latter being aimed at avoiding singularity at x = 0 and similarly at (z = 0, t = 0).
As noted in the Introduction, the above can be regarded as the 1D Cartesian versions of the axially symmetric functions discussed in [19] and there related to the splash pulses [13] [14] [15] [16] with inherent exponent δ > 1 2 . Then, following the terminology adopted in [19] , one may refer to (23) as the "fundamental" Hermite-Lorentzian solution of the 2D wave equation.
As is well known, the paraxial limit of (23) is obtained by replacing σ by 2z [31] [32] [33] . Also, a simple interchange of σ and τ in (23) yields an alternative solution of (2) as well as, with σ → 2z, of the relevant paraxial limit. Figure 2 shows the surface plots and the corresponding contour plots of the amplitude of the Lorentzian-like solution (23) for N = 0.1, 0.3, 0.5, 1 and z 0 = 10 −2 cm and a = 2·10 3 cm. The graphs refer to the pulse center z c = ct = 0, so that z = τ is just the distance along the direction of propagation away from the pulse center; in addition, the maximum in each plot is normalized to unity. The plots for N > 1 look quite similar to that for N = 1, with the central peak being compressed along the x direction when increasing N ; in other words, the 8-like shape in the (τ, x) plane displayed by the contour plots relevant to N = 1 comes to squeeze up along the x direction with increasing N .
Evidently the localization of φ 0, N along the longitudinal and transverse directions is controlled by the length parameters z 0 and a.
In particular, let us illustrate the behavior of φ 0, N at the pulse center z = z c = ct. We see that the squared amplitude |φ 0, N | 2 at z = z c behaves with x and z as
which conveys 
. So, the amplitude decrease from x = 0 to x az 0 N mantains roughly within a factor 2. Then,
the amplitude (at z = z c ) decays like z −N . Therefore, for values of 0 < N < 1, we might observe a missilelike behavior [34, 35] of the corresponding φ 0, N (see Fig. 5 below) . It is well known that "higher-order" solutions of the wave Equation (2) can be generated from a given solution (the "fundamental" one) by applying to the latter the derivative operator
for any nonnegative integers (actually also nonnegative real), just because the differential operator in Equation (2) commutes with
for any non-negative real value of h. Accordingly, from (23) we may generate further solutions of the 2D wave equation
Here, Φ
n (·) denotes the HLFs discussed in the previous section, whose argument is
where the branches of the square root can be chosen arbitrarily. One may refer to the above as Hermite-Lorentzian solutions of order n (and parameter N ) of the homogeneous 2D wave Equation (2). Although we consider here only non-negative integer values of n, any non-negative real value is allowed as well; in that case, one should deal with the expression for the relativistic Hermite polynomials in terms of the proper Gauss hypergeometric function, deducible from (8) . We might talk of fractional order Hermite-Lorentzian solutions of the 2D wave equation. Such a case is beyond the purposes of the present discussion.
The φ n, N 's combine the multi-Lorentzian-like factor
with the x-dependent polynomial component comprising also the σ-and τ -dependent factor, i.e., x, z, t) ). Hence, their behavior results from the combination of those of both components.
Clearly the Lorentzian-like factor behaves as previously discussed, with the relative characteristic lengths being properly scaled to account for the further presence of the integer n in the exponent.
On the other hand, we see that the argument X N (x, z, t) of the RHP in (25) is in general complex, and hence the behavior of the polynomial component in (25) may significantly differ from that of the same polynomial with real argument. In particular, X N becomes real at z = ct = 0, being X N (x, z = ct = 0) = N az 0 x, whilst in general at the pulse center z = ct it turns out to be 
Likewise, the multiplying factor remains almost constant to
N +n , X N < 1, so that one may approximate the polynomial factor by the relevant lowest-order power, thus yielding for the squared amplitude the expression
.
In contrast, for x > √ N az 0 the polynomials might be approximated by the relevant highest powers thus yielding the
. (30) where the power x n mitigates the descending trend of the multiLorentzian factor (1 + Figures 3 and 4 show the surface plots and the corresponding contour plots of the amplitudes |φ n, N | vs. x and τ at the pulse center z c = 0 respectively for n = 1 and n = 2 and different values of N . In all cases, z 0 = 10 −2 cm and a = 2 · 10 3 cm. Again, the maximum in each plot is normalized to unity.
We see that the shape of the plots changes rather significantly with N . In fact, for n = 1 we observe, as expected, two identical lobes at each side of the central nodal line x = 0. For N = 0.1 the contour plot for each lobe exhibits an irregular rhombo-like shape, whereas an overall 8-like shape in the (x, τ ) plane is in contrast obtained for the contour plot relevant to N = 0.5. Then, a butterfly-like shape pertains to the case N = 1, which shape is further deformed with increasing N , two lateral lobes more strongly emerging to each side with increasing N .
Likewise, for n = 2 one gets an almond-shaped contour plot with a predominant central lobe for N ≤ 1. The lateral lobes separate from the central one, becoming more evident indeed with increasing N up to N 2.5. Then, for N > 2.5 they come to be re-absorbed in the central lobe, which so displays a more complex structure, with an overall four-petal flower-like appearance of the relevant contour plots.
Similar behaviors are observed for higher values of n, respectively odd and even, although the effect of N becomes evident for even higher N with increasing n.
Finally, in Fig. 5 , we have plotted the peak amplitudes of the φ n,N 's at the pulse center z = ct vs. z for some values of n and N with the parameters z 0 and a being set as before to z 0 = 10 −2 cm and a = 2 · 10 3 cm. The symbol x * appearing in the labels of the vertical axis in the plots in Parts (c) and (d) denote the value of x, x * (n, N ), at which |φ n, N (x, z = ct)| is maximum. Such maxima occur at x * = 0 for even n, like n = 0 and n = 2 to which the graphs in Frames (a) and (b) of the figure pertain. In contrast, we found that the x * 's accomodate rather well according to the relation for n = 1, and to
for n = 3. We recall that the odd n amplitudes at z = ct exhibit a two main lobes structure.
The straight line in the plot of Part (a) of the figure (relevant to n = 0) reproduces a z −1 -like decay, which as expected rules the amplitude for N = 1 at large values of z : z > 10 5 cm. Evidently the other plots in the same frames display a decay for large z slower than z −1 . Such a decay, which amounts to a power decay slower than the usual z −2 , is reported in the literature as missilelike [34, 35] ; it attracted interest for possible applications in the transmission of information, which so might be very difficult to intercept or jam [34, 35] . As to the plots in the other frames, we note that for n = 1 and n = 2, we detect a peak amplitude decay respectively of ∼ z −0.91 and ∼ z −0.95 at N = 0.1, whilst decays roughly as or faster than z −1 pertain to the peak amplitudes for N > 0.1. Finally, for n = 3 a decay faster than z −1 is displayed by the peak amplitudes for all the values of N considered in the figure (for instance, as ∼ z −1.75 at N = 0.1). Evidently, these considerations would gain a further practical interest once the practical launchability of the concerned wave functions could be demonstrated, but, as previously stressed, we will not dwell here on such an issue.
Before closing the section, we wish to note that the above introduced solutions of the 2D wave equation frame within the class of Courant-Hilbert solutions [36] , which in general write as
The waveform f is an arbitrary function of a single variable with continuous partial derivatives, whilst the phase function θ(x, y, z, t) and the attenuation (or distortion) factor h(x, y, z, t) are fixed functions. In particular, θ is any solution of the space-time eikonal
Evidently, in the case of the 2D solutions φ n,N 's, the phase
is just the 2D version of the Bateman-Hillion phase [4, 7] , whereas the relevant waveform f shapes as the power function f n,N (θ) = (θ + ia) −N −n and the attenuation factor is h n,N (x, z, t) ∝
n (X N (x, z, t)).
THE RELATIVISTIC HERMITE POLYNOMIALS AND THE 3D WAVE EQUATION
As recalled in Introduction, there are definite rules to construct solutions of the 3D wave equation from those of the 2D one. In particular, we consider here the solutions of the 3D wave equation, u n,N (x, y, z, t), obtained from the above introduced φ n,N 's according to the transformation (3), which so yields
where φ n,N is given in Equation (25) and r, ϕ denote polar coordinates in the x-y plane: r = x 2 + y 2 , ϕ = arctan( y x ). Again, the interchange of σ and τ in (33) provide alternative solutions of (1). Also, as previously recalled, replacing σ → 2z in the wave functions yields the expressions of the corresponding pulsed beams [31] [32] [33] .
Evidently for any n the u (±) n,N 's are not axisymmetric, even though their amplitudes are.
The u (±) n,N 's as well belong to the class (31) of Courant-Hilbert solutions of the wave equation [36] . The relevant phase θ(x, y, z, t) is just the Bateman-Hillion axisymmetric phase, i.e., (32) with r in place of x, the waveform shapes as before as f n,N (θ) = (θ + ia) −N −n , whereas the attenuation factor exhibits now the factor (x ± iy)
It is just due to such a factor that the u
n,N 's might present the fixed curve of singularities (x = 0, y = 0). This undeniably occurs for even n's, whilst it is easy to see that for odd n's h n,N when n = 2m. As we will see in the following, this amounts to consider only the odd-order forms of (33), i.e., u (±) 2m+1,N . Then, on account of the above illustrated behavior of the amplitudes |φ n,N | at the pulse center (see Equations (29) and (41)), we see that
for r az 0 N +n , whereas for r >
As an example, Fig. 6 shows the contour plots of the amplitudes |u (±) n,N | vs. r and z at the pulse center z c = 0 for some values of the parameter N and the order n (in particular odd according to the above considerations).
A numerical analysis of the cases in the figure has shown that the relative r-z amplitude distributions remain almost unaltered, apart from a sort of breathing (a smooth sequence of broadening and focusing more evident along the z-direction at a rather irregular rate), up to t ≈ 10 −9 − 10 −8 s (basically depending on n and N , for the fixed values of z 0 and a as in the cases of the figure) . Then, such distributions start to change rather rapidly developing two more or less subtle "walls" also displaying a somewhat articulated structure.
Let us note that, as in the previous figures, the values of the free parameters z 0 and a have been set to z 0 = 0.01 cm and a = 2 · 10 3 cm and so z 0 a. Therefore, according to the analysis presented in [17, 18] , where the electromagnetic vector fields generated by the wave function s 1 (x, y, z, t) = 1 (σ+ia)(τ −iz 0 )+r 2 , taken as a Hertz potential oriented both parallel [17] and orthogonal [18] to the zdirection have been studied in detail, the frames in the figures pertain to the paraxial regime (z 0 a). So, it may be interesting to compare the r-z amplitude behavior in the case z 0 a and in the case z 0 ≈ a. Fig. 7 shows indeed the r-z contour plots of the amplitudes |u 
HERMITE-LORENTZIAN WAVE FUNCTIONS: RELATION TO THE LAGUERRE-LORENTZIAN WAVE FUNCTIONS
As mentioned earlier, the splash pulses (6) are solutions of the 3D wave equation. In particular, considering exponents δ > 0, one could understand the relevant splash pulses as the 3D counterpart of the φ 0,N 's with the cartesian coordinate x replaced by the radial one r, and the further multiplication by the factor
. In symbols, with δ = N in (6) one has
Of course, in order that the above could convey a rule to construct solutions of the 3D wave equation from those of the 2D wave equation, namely,
the 2D solution φ(x, z, t) must satisfy the equation
The above is evidently satisfied by the φ 0,N 's for any N , and hence by (37) one gets the splash pulses (36) . On passing we may note that Equation (38) is satisfied by the 2D Gaussian pulse φ G (x, z, t) = (x,z,t) as well as by the 2D modified-power-spectrum (MPS) pulse φ MPS (x, z, t) = (x,z,t) , from which indeed through (37) one respectively gets the 3D Gaussian and MPS pulses [24] , the latter combining both the Gaussian and splash-pulse waveforms.
As previously recalled, the splash pulses have been reconsidered in [19] in the form
i.e., for exponents δ > 1 2 . This was functional to the possibility of conveniently relating some higher-order solutions v n,l,N (x, y, z, t) to the RLPs (20) . Such solutions are generated by repeatedly acting on (39) by the operators L ±
is a solution of the 3D wave equation for values of the integers n and l, respectively addressed as radial and angular indices, such that n ≥ 0 and l ≥ −n. Specifically, in [19] the axisymmetric solutions generated from the scheme (41) with l = 0, in which case:
r ] n , have been discussed in detail, and there related, as mentioned earlier, to the RLPs, which in fact act as modulating factors of the axisymmetric Lorentzian-like wave functions (39) , whose exponent is further increased to N + 2n + In the same vein, we may ask whether the above introduced Hermite-Lorentzian solutions of the 3D wave equation u (±) n,N (x, y, z, t), being obtained through (3) from the higher-order Hermite-Lorentzian solutions φ n,N (x, z, t) of the 2D wave equation, might be understood as higher-order solutions relatively to certain fundamental ones, which could reasonably be guessed to be u N (r, z, t) . In other words, we may ask whether it is possible to identify a sort of generation scheme for the u In this connection, it is easy to verify that 2m,N one can avoid the singularity associated with the even-order forms of (33) simply because so doing one picks up only the odd-order forms of (33) .
According to (42) , we may generate elements in each set applying
0,N and to u (±) 1,N , which so turn respectively into the even and odd order solutions u (±) 2m,N and u (±) 2m+1,N . In other word, the even and odd order solutions, u 
Furthermore, a more compact scheme can be identified, which will also clarify the link of the u (±) n,N 's with the 3D solution (39) and its higher order versions (41) , considered in detail, as already mentioned, in [19] .
In fact, taking into account the relations (19) between the RHPs and the RLPs and the formal expressions
after some algebra we end up with the generation scheme for the u
involving the splash pulses (39) . Evidently, the above for n = 0 allows one to relate the rule (3) in the case of the v 0,N 's to the symmetry operators L ± (rised to ± 1 2 ) of the wave equation.
We note that according to whether the order n is even or odd the power ± ± can be proved to be in accord with the general relation (44), on account of the operational rule for negative powers of operators [37] 
The above yields in fact for the operators of our concern the expression
which explicitly amounts to
and hence to
The direct application of the above rules to v 0,N (r, z, t) yields the relations (45) .
Interestingly, the Hermite-Lorentzian solutions of the 3D wave equation appear to be generated by repeated applications of halfinteger powers of the operators L ± to the fundamental axisymmetric Lorentzian-like solution -or splash pulse -v 0,N . In other words, we may say that the u (±) n,N 's can be constructed by the same scheme (41) through which the Laguerre-Lorentzian solutions are generated, but with l = ± 1 2 , the orders of the involved RHPs in the resulting functions being accordingly odd or even. In a sense, the u (±) n,N 's can be regarded as higher-order Laguerre-Lorentzian solutions of the 3D wave equation (or, higher-order splash pulses) corresponding to fractional azimuthal orders, specifically ± 1 2 . Needless to say, relations (45) are in accord with (42) . Furthermore, as conveyed by (42) and (43), applying L + , L − or L + L − yields further solutions of the wave equation. Interestingly, one can get "compact" forms through the schemes
which conform to the rule that, if v is a solution of the wave equation, also
the latter appearing as the 2D complexified version of (38) . As a final note, let us say that the transformations signified by (4) may be framed within the same scheme above discussed, resorting of course to symmetry operators that involve both space and time coordinates, i.e., replacing L ± by T ± = ∂ ∂x ± i ∂ ∂y with y = ict.
LORENTZIAN-LIKE WAVE FUNCTIONS AND KLEIN-GORDON EQUATION
Strictly related to the question of the solutions to the wave equation has always been considered that of the solutions to the Klein-Gordon equation. Several approaches have been devised in this connection yielding both particular, i.e., valid under specific hypotheses and/or approximations, and general solutions of the latter [10, 11, 13, 24, [38] [39] [40] [41] [42] . Here, we simply deduce solutions to the Klein-Gordon equation which may be put in relation with the Lorentzian-like wave functions, illustrated in the previous sections.
As observed in [42] , we may obtain possible solutions to the 3D Klein-Gordon equation
through the 1D Fourier transform of those of a 4D homogeneous wave equation, just evaluated at Ω = mc . In symbols, we can write
where u(x, y, z, ζ, t) solves the 4D homogeneous scalar wave equation
or, in terms of the characteristic variables τ = z − ct and σ = z + ct,
In the sequel we will in general address the constant term entering the Klein-Gordon equation, which of course specifies in accord with the physical context of concern, as Ω 2 (in particular, Ω = mc in (47), which in fact describes the dynamics of a relativistic massive particle with spin zero).
The usefulness of (48) stems evidently from the possibility of obtaining explicit forms of the Fourier integral for specific expressions of u(x, y, ζ, z, t). In [42] , for instance, it has been applied to suitable superpositions of Gaussian pulses in order to obtain what are there referred to as Gaussian packets for the Klein-Gordon equation in the case of both two and three space-variables.
Here we retain the axisymmetric Lorentzian-like form of the solutions to the wave equation, we dealt before, and hence we take
which evidently solves (50) for any δ.
The above conforms to the general rule stated firstly in [21] and later re-derived in [10] , concerning the relatively distortion-free solutions of the scalar wave equation of arbitrary (space) dimension m > 1. Accordingly, (51) is the 4D counterpart of s δ in (6), which solves the 3D wave equation.
Then, on account of the integral (3.385.9) of [44] , we can evaluate the Fourier integral in (48) in the specific case of (51) (see also (16)), thus obtaining the axisymmetric solution of (48) as
where W κ,µ denotes Whittaker's second function [30] and
Note that β = √ s 1 , s 1 being given in (6). According to the condition for the applicability of (3.385.9) of [44] , expression (52), as derived from (48) with (51) of (49), whose link to the splash-like wave functions is hardly recognizable.
We also note that interchanging τ and σ in (52) will provide alternative solutions of the Klein-Gordon equation, whose pulsed beam solutions follow from the known replacement σ → 2z.
We recall here the symmetry properties of Whittaker's second function with respect to the change of sign of its indices, namely, [30] 
as well as its relation to the modified Bessel function of second kind K µ -already recalled in Section 2 -and consequently to the Hankel functions H (1) µ , H (2) µ :
It may also be interesting to report the relation of W 0,µ (z) to the ordinary Laguerre polynomials L (α) n in correspondence of specific determinations of the second index µ [45] , i.e.,
which applies to our case when δ = j, with j positive integer.
In particular, for δ = 0 and δ = 1 one obtains in (52) W 0, 1 2 which simply implies an exponential function since W 0,
with s 1 2 being the splash pulse (6). Figure 8 shows the 3D surface plots of the real and imaginary parts of u 0 , u 1 and u 3 2 -apart from unessential multiplicative constants -vs. r and z at ct = 0 and ct = 10, the free parameters being set to z 0 = 10 −1 and a = 20. The oversigned symbols denote the respective quantity normalized to 1 Ω . Note that the vertical scales in the graphs have minor meaning since, in order to show both the real and imaginary parts in the same frame, the surface plots of the former have been shifted upward, the flat part of the relative surfaces actually corresponding to zero. We may see a certain localization of both the real and imaginary parts of the u δ 's at a minor extent when increasing δ.
Interestingly, an expression similar to that for u 1 (x, y, z, t) has been obtained in [40] (see Equation (11) there with a 1 = a 3 ) from a suitable weighted superposition over a free parameter of the focus wave mode solution of (47) . In a sense, the expression (48) can be seen as a weighted superposition of what can be considered as solutions of the 3D wave equation over the free parameter ζ, with the weighting function being just the simple harmonic e −iΩζ .
It is evident that the solutions of the 2D scalar wave equation deduced in Section 3 in the form (25) can be used to obtain solutions of the 1D Klein-Gordon equation [∂ 2 z − c −2 ∂ 2 t ]u(z, t) = 0. According to the properties of the Fourier integral, we see that the φ n,N 's, apart from unessential multiplying constants that involve powers of Ω, basically yield the same function, which in fact writes
In Section 3, we limited ourselves to consider N > 0; this was functional to the possibility of introducing higher-order solutions related to the RHPs, whose definition implies N > 0. Of course, such a constraint here has no sense, so we can consider the case N = 0, which, as noted before, yields the trivial solutions in (55) just as with N = 1. In fact, the solutions corresponding to N = 0 and N = 1 differ only for the multiplying factor, involving τ − iz 0 in the former case and σ + ia in the latter case. Explicitly, we have
in practice obtained one from the other by interchanging the terms τ − iz 0 and σ + ia.
In Fig. 9 , we show the z-profiles of the real and imaginary parts of u 0 and u 1 as well as of the relative amplitudes at ct = 0 and ct = 10. As in the figures above, the coordinates as well as the various parameters are normalized to 1 Ω . As it can easily be inferred from the respective expressions, one basic difference between u 0 and u 1 is that the amplitude of u 1 decreases more quickly with z than that of u 0 .
In conclusion, we may say that, in accord with the recipe (48), solutions of a m-dimensional Klein-Gordon equation generated by splash-like pulses write as (x m ≡ z)
space variables
which so yields the (m + 1)-arbitrary constant dependent expression
as a possible solution to a m-dimensional Klein-Gordon equation. We close the section noting that the expression for u 1 (z, t) in (56) has been obtained in [40] as well (see Equation (23) there setting a 1 = a 3 ), where it has been used to construct a solution to the 3D Klein-Gordon equation, i.e., u 1 (x, y, z, t) in (54), according to the method outlined in that reference. Evidently, inspecting the relations (60) and (61) we may recover within the present context the rule stated in [40] , namely that one can pass from solutions of the 1D Klein-Gordon equation to solutions of the 3D equation, multiplying the expression (55) of the 1D solution by the factor It is easy to write down the alternative expressions in which the roles of the characteristic variables τ and σ are interchanged. Thus, for instance, with m = 2 (and σ ↔ τ ) in (60) and (61), one may recover the expression of the Gaussian packet for the 2D Klein-Gordon equation deduced in [42] (see Equation (14) there, with in particular the various parameters being set as ν = −δ, σ = 0 and ε 1 = ε 2 .)
CONCLUSION
In [19] solutions of the free-space 3D scalar wave equation have been suggested, which resort to the splash pulses and have the RLPs as modulating factors of the basic splash-pulse waveform. A definite generation scheme for such solutions -referred to as LaguerreLorentzian solutions -have been deduced, which parallels that holding for the Laguerre-Gaussian pulses; both indeed are based on the same symmetry operators L ± of the wave equation.
Paralleling the analysis developed in [19] , we have considered here solutions of the 2D scalar wave equation, which can be regarded as the 2D versions of the wave functions investigated in the aforementioned paper. In fact, these solutions involve the RHPs as modulating factors of what can be regarded as the 2D version of the basic splash-pulse waveform.
It has been recalled that the RHPs have been introduced as polynomial component of the quantum relativistic 1D harmonic oscillator wave function [25] . It has also been recalled that they have been recently re-considered within the context of the paraxial wave propagation in [26] , where an "optical interpretation" of the Hermite-Lorentzian functions Φ (N ) n has been suggested, enlightening their relation with the Lorentz beams, i.e., beams described by fields displaying a spatial dependence at the plane z = 0 of the type 1 1+x 2 . The latter have been introduced in [46] on the basis of the experimental observations reported in [47, 48] .
Then, applying the rule (3), from the obtained 2D wave functions further solutions of the 3D wave equation -referred to as HermiteLorentzian solutions -have been constructed, which finally have been framed within the same generation scheme, that holds for the LaguerreLorentzian solutions, involving in fact the same operators L ± although through fractional, besides integer, powers.
As stressed in the Introduction, in our opinion, the unifying view -that emerges from the analysis here presented -of the 3D wave equation solutions of the splash-pulse type, deduced in the paper and in the previous quoted reference, is of interest at least from a mathematical viewpoint. As also stressed in the Introduction, in fact, we do not dwell here on the practical feasibility of the solutions that have been suggested, which evidently demand for further investigations.
In this regard, however, we simply recall that following the original hint, illustrated in detail in [24] , an accurate analysis of the correspondence between source-free and aperture-generated MPS, splash and DEX pulses has been carried out in [16] . In particular, as a result of such an analysis, the launchability of the splash pulses (at least for the values of the exponent δ considered in the paper) has been demonstrated to be possible with a maintenance of the features of the source-free field over a rather extended z-range between the near-and the far-field regions. The launching process, as described in [24] , is based on the Huygens construction yielding the scalar field generated into z > 0 half-plane by the source aperture from the relevant initial excitation.
Accordingly, whereas the launchability of the v 0,N 's could be reasonably be assumed on account of the afore mentioned results in [16] , we should face the issue concerning the launchability of the u (±) n,N 's.
It has also been recalled in the Introduction that in [18] the paraxial fields generated by s 1 (x, y, z, t) = 1 (σ+ia)(τ −iz 0 )+r 2 taken as a Hertz potential oriented transversely to the direction of propagation have been demonstrated to be the natural spatiotemporal modes of a cavity resonator, thus suggesting their production could be achieved by exciting a curved mirror resonator or the equivalent lens waveguide.
Finally, explicit expressions for the solutions of the Klein-Gordon equation, which in a sense can be considered as generated from the Lorentzian-like wave functions here discussed, have been deduced, also evidencing the relations with pertinent results already existing in the literature.
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